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1. Introduction 

The path integral of two dimensional quantum gravity in conformal gauge essen- 
tially reduces to an integral over the conformal factor. Its dynamics are provided by 
the conformal anomaly which can be integrated to give the Liouville action.' 11 David, 
Distler and Kawai (DDK) proposed reformulating the theory in terms of free fields 
propagating in a fictitious gravitational background with a marginal operator in the 

[2T31 

role of the cosmological constant term. The scaling laws derived from this pro- 
posal, e.g. for the fixed area partition function Z(A) at zero cosmological constant, 
are in agreement with the results from light cone gauge)* 1 computer simulations [sl and 
matrix models. 161 These laws have been derived for two dimensional quantum gravity 
coupled to conformal field theories with c < 1, including nonunitary ones. 

It is natural to ask whether we can apply the same methods to four dimensional 
quantum gravity and, e.g., derive the analog of the c = 1 barrier or scaling laws that 
could be compared with computer simulations. In this paper I show that this is the 
case at least if we restrict ourselves to conformally self-dual metrics: the path integral 
to study is 

J Dg Dx Dp e S ma M-J M d 4 xVg(\+jR+vR 2 +ipW + ) 0l [g, x]...O n [g, x] (1.1) 

with a Lagrange multiplier p. The manifold M has fixed topology and Euclidean 
signature, x represents some conformally invariant matter fields, 0\...O n are local 
operators, A and 7 are the cosmological and inverse Newtonian constants. The R 2 - 
term will be needed to cancel an i? 2 -term from the conformal anomaly and will 
disappear in the end. W± is the (anti-) self-dual part of the (traceless) Weyl tensor 

1 1 

W± ^ar = ^(Vr ± 3 V W <*P<rr), 

1 1 

W^/i^ar = Rfivar ^{dfUjRi/T ~t~ 9vtR[mj dfirRfa fiW-R/ir) + g (fl^crflW 9iit9vo)R- 

The Lagrange multiplier p is a A th rank self-dual tensor field which (like W + ) trans- 
forms as (2,0) under the Euclideanized Lorentz group 50(4) ~ SU(2) x SU(2), i.e., 
like a spin 2 field. 
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The merit of p is that it reduces the path integral over the metric to an integral 
over the finite dimensional moduli space of conformally (anti-) self-dual metrics, the 
conformal factor and the diffeomorphism group, as will be explained. This makes 
(1.1) similar to two dimensional quantum gravity, the moduli space of conformally 
self-dual metrics playing the role of the moduli space of Riemann surfaces. As a 
consequence, we will be able to apply the same methods. 

Why is "conformally (anti-) self-dual quantum gravity" interesting? One reason 
is that it is a four dimensional model for gravity that we might be able to quan- 
tize consistently and solve and in which we can nicely study, e.g., the effects of the 
conformal anomaly. It is a much richer toy model than two dimensional quantum 
gravity, because there the one dimensional universes have no geometry, only a total 
length, and the wave function of the universe is therefore relatively trivial. Confor- 
mally self-dual gravity will also be argued to describe renormalization group fixed 
points of gravity with a Weyl term, characterized by infinite Weyl coupling constant. 
One might speculate that they correspond to long or short distance "phases". One 
might also hope that some of the results found in this infinite coupling limit prevail 
qualitatively at finite or zero Weyl coupling. 

Of course, there is a well known ghost problem common to all fourth order deriva- 
tive actions (like the Weyl action:) we can rewrite them in terms of new fields with 
two derivatives only, but some of them will have the wrong sign in the kinetic term. 
With Minkowskian signature this leads to nonunitarity. Two types of fourth order 
derivative terms will arise in this paper: terms quadratic in the curvature, and a new 
term induced by the conformal anomaly which makes the model renormalizable. The 
former will either be tuned away in the end or decouple. The ghosts arising from the 
latter might decouple due to the reparametrization constraints, as in string theory. 
In any case, they will not affect the calculations done. 

Part of this paper is concerned with the four dimensional analog of the Liouville 
action and of DDK. In a different context the induced action for the conformal factor 
and its renormalization have also been studied recently by Antoniadis and Mottola. I 
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have used some of their calculations. However, when I discuss the four dimensional 
analog of DDK's method of decoupling the conformal factor from its measure, my 
treatment and my conclusions will differ from those of [7]. I will state the main 
differences. 

In section two, (1.1) without the operators will be rewritten as an integral over 
moduli space and over the conformal factor <fi with a few determinants in its gravita- 
tional background. As in two dimensions, the determinants can be decoupled from (j) 
by introducing a 4D analog of the Liouville action. Its form has already been found 
in [7]. It consists of a free 4 th order derivative piece (essentially 2 c/)) plus pieces 
that renormalize A, 7 and rj in (1.1), as explained in section 3. 

In quantum gravity the measure D g g for the metric is defined with respect to 
the fluctuating metric itself. In two dimensions, DDK (further elaborated in 181 ) re- 
placed the conformal factor by a field whose measure is defined with respect to some 
background metric and whose action is again the Liouville action with modified coeffi- 
cients, determined by requiring that the choice for the background metric is irrelevant. 
In chapter 4, the same is done in four dimensions. The cosmological constant, the 
Hilbert-Einstein term and the R 2 term should each become truly marginal operators 
of the new theory, but so far I have verified this only for the cosmological term. 

In section 5 scaling laws in conformally self-dual quantum gravity are derived, 
similar to the two dimensional ones.* I will discuss the partition function at fixed 
volume or average curvature, and the correlation functions of local operators in their 
dependence on the cosmological constant. It would be very interesting to explore 
whether the condition W+ = can be imposed in computer simulations of random 
triangulations. Then these predictions could be compared with "experiment." 

Section 6 discusses the connection of (1.1) with fixed points of gravity with a 
Weyl term. It is also suggested that conformally self-dual gravity is connected with 
four dimensional topological gravity) 91 as in the two dimensional case.' 101 

* the values of the exponents and the analog of the c = 1 barrier can be found in the note added 
at the end of the paper 
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2. Conformal Gauge 

The Lagrange multiplier p in (1.1) restricts the path integral over g to conformally 
self-dual metrics, i.e. metrics with W + = 0. W + has five independent components and 
the condition W + = is Weyl- and diffeomorphism invariant. So up to a finite number 
of moduli the five surviving components of the metric will be the conformal factor 
and the diffeomorphisms. Let mi parametrize the moduli space of conformally self- 
dual metrics modulo diffeomorphisms x — > x + £ and Weyl transformations g — > ge^. 
Let us fix a representative g(rtii) via, say, the condition R — and Lorentz gauge 
d^g^v = and let us pick a conformally self dual metric 

SO = (S(mi)e^ (2.1) 

where £ indicates the action of a diffeomorphism. At go we can split up g: 

The four 5£'s generate infinitesimal diffeomorphisms and the five h^ v parametrize 
the space of metrics perpendicular to £, and the moduli, i.e., perpendicular to 
the conformally self dual ones. The measure for g is defined, in analogy to two 
dimensions^ 1 ', by 

\\5g\\ 2 = J d 4 x^(A(5<p + ±V<^) 2 + (L80 2 + (5h) 2 ) (2.2) 

with 

(L50^ = V ( ^) - \g^VP5i P . (2.3) 

Apart from restricting the path integral, integrating out p and h in (1.1) will con- 
tribute the determinant 

det(Oto)-3 (2.4) 
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where is the linearized W + -term 

{0\h)^ aT = lim \w + fjusarlgo + eh] - W+ ^rM), (2.5) 

O is its adjoint and 0^0 is a 4 th order, conformally invariant, linear differential 
operator in the curved background go, acting on p. 

We are left with an integral over the conformal equivalence class of each g. From 
(2.2) it is seen that changing variables from g to <f> and £ in this equivalence class 
leads to a Jacobian 

det(L t L)| 

where the zero modes of the operator L, defined in (2.3), have to be projected out. 
After dropping the integral over the diffeomorphism group _D£ (since gravitational 
anomalies can occur only in 4k+2 dimensions' 111 ) the path integral (1.1) without 
the operator insertions reduces to an integral over the moduli space of conformally 
self-dual metrics and 0: 

J X[d mi D<p det(OtO)"j det(LtL)| c , det(A)^j e~ I ^(x+jR+r,^) (2 6) 

i 

where the matter partition function has been denoted by det(A) _ 2. Despite of the 
notation, the conformally invariant matter is allowed to be fermions, Yang-Mills fields, 
etc., as well as conformally coupled scalars. 

The moduli space of conformally self-dual metrics is a very interesting subject by 
itself which will not be discussed here. On the four sphere its dimension is zero: all 
conformally self-dual metrics on S 4 are conformally flat. On K 3 , e.g., its dimension 
is 57. 1121 
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3. Liouville in 4D 

Let us now decouple the determinants in (2.6) from 0. For conformally invariant 
differential operators X: 

det = det Xge~ Si ^ (3.1) 

where the induced action Si is obtained from integrating the trace anomaly of the 
stress tensor 1131 

-2 5 ^^ = ^g<T^>=-^^- g [a(F+ 2 -UR)+bG] -4\'Jg-2jy/gR (3.2) 

where F = W 2 + W 2 is the square of the Weyl tensor. (3.2) has, apart from the 
divergent parameters A' and 7', two finite parameters a, b. ^fg~G is the Gauss-Bonnet 
density whose integral over the manifold is proportional to the Euler characteristic. 
Following Antoniadis and Mottola ^, (3.2) can actually easily be integrated by noting 
that with g = ge^ the combination 

y/g(G - I nR) = ^gM 4> + y^iG - I OR) 

is only linear in <p with the fourth order differential operator 

M = 2 D 2 + ARTVfiv -\hu + \{V^R)V^ 

= 2 D 2 + AR^VyP v if R = ( 3 - 3 ) 
= 2 D 2 if g = 5e^°. 

^fg~F is independent of <fi and yjg OR integrates to the R 2 action. So the four di- 
mensional analog of the Liouville action consists of a free part plus a cosmological 
constant term, a Hilbert-Einstein term and an R 2 term: 

* More precisely, if X = M^M, M has to transform as e p ^Me q ^ under g — > ge^. It can be shown 
that L transforms as e^Le~*. 
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Si[9, 4>] = ^So[g, 0] + guslis, <t>] + + I'SR + A '^. C . (3-4) 



where 



S x \g^\ = J d 4 x^F4> 

Sc. c = J d A x^g~e 2(t> (3.5) 
Sr = J d 4 x^[R - ^(V0) 2 - 3 D0] 
S R2 = J d 4 xy^[R - ^(V0) 2 - 3 



b will turn out to be negative for 'normal' operators X. 7', A' and just renormalize 
7, A and rj. A ^-independent local term 

"/ d ^9(^R 2 + l'R + X') (3.6) 

has been omitted in (3.4) and will frequently be omitted in the following. If it is 
included we see from (3.1) that for some action Sj: 

S i \g,<l>] = S j \ge+\-S j \g]. (3.7) 

3^p So is the 4D analog of the 2D action 

S2D = 4kJ ^v 7 ^ ^ - R<t>)- 

If g = ge^°, Sq can be written: 

So[gA] = J rf 4 x^[(0 + 0o)M( ( /) + ( /)o)-0oM0o]. (3.8) 

Adding up the anomaly coefficients in (3.2) for det(0^0)~2 , det(L^L) + 2 , det A~2 ; 

A = a + a L + a m at B = bo + b L + b mat , (3.9) 
(2.6) can now be rewritten as 



f Y[dmi xim) [ D<j> e^ s °^] + ^^]-^«2-7iSK-AiSc.c. 
-* i * (3.10) 

X(mi) = detCOto)-^ det(LtL)| (m|) det(A)^ } 

x(m-i) is now purely a function of the moduli m^, once we have fixed a representative 
g(mj) for each point in moduli space. 

The coefficients a and b in (3.2) have been calculated for, e.g., ^ 
conformally coupled scalars (A ~ □ — ^R)- »o = i^j ^0 = — 350 
spin I (four component) fermions: ai = y|g 61 = — (3.11) 

massless gauge fields: a\ = b\ = — 

a Oi a Libo,bL, as well as a,M,bM of M in (3.3), which will also be needed later, 
can in principle be calculated as usual with the Schwinger-de Witt method.* This 
will be tedious, especially for the fourth order derivative operator 0^0 which acts 
on a A th rank tensor field and is the sum of many components. It may be easier to 
study the operator product expansion of the flat space stress tensor with itself and to 
see whether one can infer the anomaly coefficients a, b from it, as in two dimensions. 
There the central charge c is read off from 

Note that the fourth order derivative induced action makes the theory power 
counting renormalizable, and also bounded if b < 0. The price is the existence of a 
ghost, the general problem of fourth order derivative actions mentioned in the intro- 
duction. It has already been suggested in [7] that the reparametrization constraints 
T^u ~ eliminate these ghosts from the physical spectrum as they do in two dimen- 
sions.' 141 This will be very interesting to explore in the future. 



* see the note added at the end of the paper for the values. 
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4. David, Distler and Kawai in 4D 

Let us now focus on the (j) integral over the conformal equivalence class of g: 

Z[ g ] = J <p e i^ Som+ ^ Sl ^' cl)] - rilS ^-^ SR - XlSc c - (4.1) 

where the dependence of Z on 771,71 and Ai has been suppressed. In D^(j) it is 
indicated that the measure for <fi depends on <fi itself, namely in two ways: First, the 
metric itself must be used to define a norm in the space of metrics: 

||^|| 2 ^ J d A x^-g (50(x)) 2 = J d 4 x^e*'(5^x)) 2 . 

Second, in order to define a short distance cutoff one should also use the metric ge^ 
itself: the cutoff fluctuates with the field. Let us follow David, Distler and Kawai 
[2], [3] an j assum e that the ^-dependence of the measure in (4.1) can be absorbed in a 
local renormalizable action: 

e ~ s ^^ ] =D- g (j) e - Slac ^\ (4.2) 
where now on the right-hand side 

H^H 2 = J d^x^g{5<t>{x)) 2 

and the cutoff no longer fluctuates. 

What is Si oc ? Although the (p- dependence of the measure in (4.1) looks incon- 
venient we do learn something important from (4.1): simultaneously changing 

does not change the measure or Sr2, Sr, S c . c .. It does change the induced action. 
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From (3.7) we see (reinstating the <fi- independent terms (3.6) into (4.1)): 

Si[g, 0] -> Si[g, 4>) - Si[g, <po] 

We conclude 

Z[ge^] = Z[g] e S ^M (4.3) 

that is, the 0-theory behaves as if it were a conformal field theory with conformal 
anomaly (3.2) given by a = —Aq, b = —Bq. This is, of course, precisely what is 
needed in order to insure that the background metric is really a fake: if we vary it, 
9nv 9fiu^°, the variation of the determinants in (3.10) is determined by their total 
conformal anomalies +Aq, +Bq, defined in (3.9), and that just cancels the — Aq, —Bq 
from the <f> theory. 

So let us replace (4.1) as in (4.2) by a four dimensional conformal field theory 
with conformal anomaly given by 

a = -oq -a L - a mat , b = -b Q - b L - b mat . (4.4) 

I will propose - and justify in a moment - that as in two dimensions Si oc in (4.2) is 
again the induced action with modified coefficients A, B and modified interactions: 

Z[g] ~ J Dg4> e ^ So ^^+d^ Sl ^^2S R 2-^S R -\ 2 S c . c . ( 45 ) 

where Sr? , Sr, and S c . c . are marginal operators of the free theory given by So and Si 
and will be discussed below. 

The free theory (772, 72, A2 = 0) of (4.5) has conformal anomaly 

a = -A + a M , b=-B + b M (4.6) 

where M is the operator (3.3). This can be seen as follows: Setting = g^e^ we 
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see from (3.8): 



by shifting — > + 0o and using the fact that ^fgM and are conformally 

invariant. So —A,—B are the "classical" contributions* to (4.6) and au^M are the 
quantum contributions from M. Therefore we see from (4.4) that the ansatz (4.5) is 
consistent if 

A = a + a L + a mat + a M , B = b Q + b L + b mat + b M . (4.8) 

How do we know that o^, &m do not depend on the moduli m{! The only local scale 
invariant quantity they could depend on is f \fgF, which is a topological invariant 
in the case of W + = 0. 

Why does the free part of Si oc in (4.2) have to be of the form of the free part 
of the induced action Si again? One can plausibly though not rigorously, argue as 
follows: there are two ways to obtain the right effective action (4.3) via (4.2); (a), Si oc 
is classically conformally invariant and a, b come purely from the quantum anomaly or 
(b), the "classical" variation of Si oc is of the form of the induced action S{. In case (a) 
o and b would be just numbers that will in general not cancel the anomalies as needed 
in (4.4) (multiplying Si oc by a factor would then not change the conformal anomaly). 
Only in case (b) there are parameters like A, B in a, b that can be adjusted to satisfy 
(4.4). But the only local free action whose "classical" variation is the induced action 
is the induced action itself. 

* Here and below I will call these contributions also "anomalies," although they actually arise 
from the fact that the action is classically not quite conformally invariant. 
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Let us now turn to the operators Sr2,Sr and 5 C . C . in (4-5). The consistency 
condition of invariance under rescaling of the background metric (in particular, the 
theory is at a renormalization group fixed point) means that the integrands of 5#2, 
the "dressed" Hilbert-Einstein action Sr and the "dressed" cosmological constant 
Sc.c. must be locally scale invariant operators. Let us try the ansatz 

S c .c = J d A x^ge 2a * 

Sr = J d 4 xv^e^(V(/)) 2 + ... (4.9) 
S R2 = J rf 4 xv^(V0) 4 + ... 

with a, (3, and determined so that the integrands of (4.9) are scaling operators of 
conformal dimension 4, to cancel the —4 from \fg. In the language of string theory, 
they are vertex operators of our theory of noncritical three branes. All of them should 
be moduli deformations, if the background metric g is really fictitious. So far I have 
verified this only for 5 C . C .. The includes possible corrections of order ^2,72,^2 
that may be needed in order to keep the other operators marginal as we move away 
from 772, 72, i}2 = 0. Some calculations with Sr2, Sr and S c . c . can also be found in [7] 
(however a — (5 there). 

To calculate the (classical plus anomalous) dimension of e 2a< ^ with action (4.5) 
at ?72,72, A2 = one may go to conformally flat g^ v = e^°5^ v where M = 2 fl 2 and 
S\ = 0. Because of the shift <fi + </>o — > 4> in (4.7), the condition 

dim(e 2a0 ) = 4 with action ~ 5b 

is equivalent to the condition 

dim(e 2Q ^) = 4 - 4a with action ~ J d 4 x <p D 2 (p. (4.10) 

Due to the quartic propagator, this four dimensional theory is formally very similar 
to an ordinary free scalar field theory in two dimensions. In particular, : e 2 ^ : will 
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be a scaling operator. Its dimension in (4.10) is now purely anomalous. It is found 
from the two-point function 



< e 2a<Mz) e -2a<K</) >r ^ e ^A(\ X -y\) „ ^ _ (4n) 

where the propagator 

A(r) = — logr with - — D 2 A(r) = 5(r) 

of the free theory has been used. Thus, dim(e 2a< ^) = ^g-, and (4.10) becomes: 

4a 2 

4-4a = — . (4.12) 

This determines a once S is known* Similarly, j3 in >Sr = J y/ge^^(V(p) 2 + ... is 
determined by requiring to have dimension 2: 

/5 2 

2-2(3 = P —. (4.13) 

a and /3 are independent of the moduli mi, for the same reason as om, &m are. 

The result for the dimension of the operator eP® agrees with the result of [7]. (Q 2 
of [7] is —2B) Let me briefly point out two differences of section 4 with [7], where the 
theory of the conformal factor was studied as a 'minisuperspace' theory rather than 
as gravity with a self-duality constraint: First, I did not use the symmetry argument 
that was used in [7] to justify (for conformally flat g only) that Si oc in (4.2) is again 
the Liouville action. Second, in [7] a was equal to (3 in (4.9) with the consequence 
that the simultaneous presence of Sr and S c . c . at the fixed point was inconsistent. 
This led to a suggestion about the cosmological constant problem, to a different value 
for a and will result in a different value for the analog of the 'c = 1 barrier' of two 
dimensional gravity. 



* see the note added at the end of this paper. 
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As in two dimensions, if $j is a scaling operator of the matter theory with con- 
formal dimension Aj, the operator 



O t = J d A x^ge^i 
with 7j determined analoguously to (4.12) by 

4-2 7l = A + A, (4.14) 

is a marginal operator that can be added to the action, at least infinitesimally. 

Provided that truly marginal operators S R 2 , Sr can also be found, we can now 
rewrite (3.10) as 

\\drm det(O t O)^ det(L t L)| I DgX D$ e Smat[g,x]-S[g,4>] ^ 

-B -A (4.15) 

^ = 32^2 ^ + 32^2 ^ 

+ r]S R 2 [g, 4>] + jS R [g, (j>] + XS C . C . [g, </>]. 

The index of 77, 7, A has been dropped. (4.15) describes free fields plus marginal 
interactions in a gravitational instanton background. A, B are given by (4.8) and 
So,Si,S R 2,Sr,S c . c . by (3.5) and (4.9). 
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5. Scaling 



As an application of the preceding let us derive scaling laws by studying the 
integral over the constant mode of <f>, as is done in two dimensions' '' [1SI . The fixed 
volume partition function at the critical point 77, 7, A ~ is defined as 

Z(V) = j\\dmi x(mi) J D$ e^ So ^ + d^ s ^M S ( J ^ge 2a * - V) (5.1) 

i 

with x( m i) as m (3.10). Under the constant shift (j) — > (j) + c we see from (3.5): 

5 50 = c J d 4 x>/g~G = 32ir 2 cx 

55 1 = c J d 4 x^fg~F = -487r 2 cr, 

where the topological invariants x an d t are the Euler characteristic and signature of 
the manifold (W+ = here): 1161 



48tt : 



From this it follows that 



^ j d*Xy/g(Wl - W 2 _) and X=^J d 4 x^G. 



Z(V) = e (-^+Bx-lAT)c Z ( e -2 a cy^ 

-> Z(V) ~ V- 1+ ^ 2B x- 3At \ 
a is given in terms of B by (4.12). For the four sphere (x = 2, r = 0), 

Z(V) ~ U~ 1+ «. 

This quantity should be the easiest one to check with computer simulations.* 



(5.2) 



* See note added at the end of the paper for the value of the exponent 
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Inserting operators into (5.1) yields 

< X ...O n > (V) ~ V -^+H^X^Ar + 2^) 

with 7j determined by (4.14). For nonzero cosmological constant A one finds from 

< Oi...O n > A = J dVe- xv < O v ..O n > (V) (5.3) 
the scaling behavior 

< X ...O n > A ~ (5 4) 

provided the integral (5.3) converges, i.e. ^(2£>x — 3Ar + 2^7^) > 0. Otherwise 
there will be additional cutoff-dependent terms in (5.4). ^ 

Replacing in (5.1) 

one obtains the partition function for fixed curvature per volume at rj, 7, A = 0: 

- 1 1 fl X 3 At 

Z{R) ~ R- l+ —~2j^ . (5.5) 
Scaling laws (5.2) and (5.4) are similar to the two dimensional ones. 
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6. Outlook 

Fixed Points Of Gravity With A Weyl Term 

Conformally self-dual gravity can also be understood as quantum gravity with 
the action 

J d 4 xy/g{\ + 1 R + rjR 2 + pW\) (6.1) 
M 

in the limit 

p^oo. (6.2) 

(6.1) is the most general local renormalizable fourth order derivative action of four 
dimensional gravity, up to the topological invariants r and x of the previous section. 
In section 2, the metric was split into 0, diffeomorphisms £, moduli mi and five h 
components. (6.2) can be understood as the "classical limit" for the h components, in 
which only the linearized W + -term O^h of (2.5) is important for the /i-intgral. This 
Gaussian integral can be performed at each point go((f>,£,mi), 

J Dhe-Pf d4x ^ w + ~ det(pOO%} = det(pO t O)jj. 

This leads again to the integral (2.6), our starting point. (The extra factor p only 
renormalizes the cosmological constant and does not influence the anomaly coefficients 
of section 3.) 

Being fourth order in derivatives, the R 2 - and W\ -terms will give rise to negative 
norm states. But this will not bother us in the limit p — > oo, because the W 2 -term 
decouples and we can again tune away the i? 2 -term in the end. Of course, the new 
fourth order derivative action So is induced by the conformal anomaly as in section 3. 

One might worry that the renormalization group flow will take us from p ~ oo to 
finite p so that the limit (6.2) does not make sense as an effective theory. However, 
since at p ~ oo the five h components decouple from the other five components of the 
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metric, p ~ oo corresponds to a renormalization group fixed point. More precisely, 
defining e = rescaling h eh and expanding the action in e, one obtains: 

Lq [</>, x] + ZiOO^ + eLi [h, 0, x] + o(e 2 ) (6.3) 

where Lo is the /i-independent part, and Lj are interaction terms of /i with itself, 
and x, x representing the matter. Thus the beta function for e ~ p~2 will receive 
contributions only from diagrams that couple h and <fi, so it will be at least of order 
e and vanish as e — > 0. If (A, 7, 77) is a fixed point of Lo, then (A, 7, 77, p = 00) will be 
a fixed point of (6.1). 

Presently I do not know whether it will be infrared stable or unstable. If it turns 
out to be infrared stable, (1.1) describes a "conformally self-dual phase" of higher 
order derivative gravity - obviously not the world we live in. If it turns out to be 
ultraviolet stable, and if gravity with a Weyl term has something to do with reality, 
one could speculate that (1.1) describes gravity at short distances. 

Hopefully the results found in section 5 will be the starting point for finding 
similar results for p finite or zero. 

Topological gravity: 

In two dimensional quantum gravity the correlation functions of local operators 
are related to the correlation functions of topological gravity ' 10 ' which are intersection 
numbers of submanifolds on the moduli space of Riemann surfaces with punctures. 
Given the similarity of conformally self-dual quantum gravity to two dimensional 
quantum gravity, it would be very interesting to see if there is a similar relation 
between it and four dimensional topological gravity^ . This is suggested by the fact 
that the moduli space of the latter theory seems to be precisely the moduli space of 
conformally self-dual metrics that arose here. One could look for a matter system, 

[17] 

analoguous to the c = —2 system in two dimensions that, coupled to gravity, 
reproduces the BRST multiplet of 4D topological gravity. The relation between the 
"topological" and the "physical" phase of quantum gravity could then be studied in 
a less trivial model than the two dimensional one. 
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Conclusion 

Surprisingly enough, methods of two dimensional quantum gravity can be applied 
to four dimensional quantum gravity at least in the limit of infinite Weyl coupling. 
The scaling laws are similar to those of two dimensions and can hopefully be compared 
with numerical simulations based on random triangulations. It remains to be seen 
whether analogs of the Virasoro constraints decouple the negative norm states arising 
from the fourth order derivative term that is induced by the conformal anomaly. 

Many other interesting questions could now be asked, but this will be left for the 
future. 
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Note added 

The original version of this paper did not contain the values of an, bo, °L, a M, 
and bu- After it appeared, it was pointed out' 181 [19) that the coefficients an + cll and 
bo + °L have been computed long ago' 2 " 1 and that ajvf, »M for M in (3.3) can also be 

[211 

infered from the literature with the results: 

796 , , 1566 -8 , -28 

ao + CbL = On + Or = au = bu = , (A.l) 

u 120 360 120 360 V ; 

see [18] for independent checks. We can now make some numerical predictions: with 
these results one obtains from (3.11) and (4.8) 

1 -(iYo + 6iVi + 12iVi + 788), B = — (jV + lliVi +62^1 + 1538) (A2) 



120 v 2 7 360 

where iVo, Ni, N\ are the number of conformally coupled scalars, spin A fermions and 



* predicted values of exponents and analog of c = 1 barrier are given in the note below 
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massless gauge fields. (4.12), (4.13) and (4.14) become 

2a = -B- y / B 2 + 4B, 
P=-B- VB 2 + 2B , (A3) 
H = -B- ^B 2 + (A-Ai)B 

Thus a will be real if B > or B < —4. The second constraint is the relevant one 
since B is negative. The reality constraint B < Aj — 4 on 7, is weaker than the 
one for a in (A. 3) as long as we allow only operators with positive dimension Aj. 
The signs in front of the square roots have been picked to give the correct results 
a — (5 — 1, 7^ = 2 — ^ in the classical limit B — > —00. 

To compare with two dimensional gravity, redefine the anomaly coefficient b of 
(3.2) as c = —360 b, so that cq, ci , ci are 1, 11, and 62. B < —4 becomes 

Cmat + c L + c + c M > 1440 -> c mat > -98. (A4) 

The analoguous restriction in two dimensions is c ma t < 1, where c ma t is the matter 
central charge. If the cosmological constant term is absent, the barrier for c, rather 
than being -98, is determined by the lowest dimension operator. We see that in 
pure gravity a is real. In contrast with two dimensions, the situation is improved by 
adding conventional matter like conformally coupled scalar fields, families of fermions 
or gauge fields. The c = —98 barrier would only be crossed by adding exotic matter 
with positive anomaly coefficient b in (3.2). It would be very interesting to investigate 
if the barrier becomes positive as we move away from p ~ oo in (6.1). 

Using the values (A.l), we conclude that for conventional matter, on the sphere 
and at the critical point, Z(V) always diverges (faster than V^ 1 ) at small volumes 
and Z(R) at large curvature per volume. E.g, for pure gravity on the sphere, (5.2), 
(5.5), (A. 2) and (A. 3) lead to the predictions: 

Z(V) ~ y- 3 - 675 " Z{R) ~ R + 3 - 194 - (A5) 
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